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Introduction (1)

@ FEM CAD EMinvent (http://www.eminvent.com/)
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Introduction (3) - FEM

@ The scheme of the FEM procedure

Frequency
of
the Structure

FEM Matrix Equation

Analized Structure

FEM Discretization
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Introduction (4) FEM basis functions

@ 2nd./ 3rd. order basis functions
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Introduction (4) FEM basis functions

@ 2nd./ 3rd. order basis functions
@ Curvilinear elements
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Introduction (5) FEM

@ Vectorial wave equation:

—

V x LV x E—kje,E=0.

@ Jin, J. M., " The Finite Element Method in
Electromagnetics”, 2nd edition, IEEE Press, New York,
2002.
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Introduction (5) FEM

@ Vectorial wave equation:

V x LV x E—kje,E=0.

@ The equivalent FEM matrix
equation is obtained by discretizing
the computational domain using a
tetrahedral mesh and applying z

Galerkin method: >
(K — kM) - x(k) = b(k). v Q

@ Jin, J. M., " The Finite Element Method in
Electromagnetics”, 2nd edition, IEEE Press, New York,
2002.
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Introduction (5) FEM

@ FEM matrix equation:

(K — k*M) - x(k) = b(k) o2
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Introduction (5) FEM

@ FEM matrix equation:
(K — k*M) - x(k) = b(k)

@ K and M (stiffness and mass matrices
respectively) are N x N real, symmetric and
sparse,
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Introduction (5) FEM

@ FEM matrix equation:
(K — k*M) - x(k) = b(k)
@ K and M (stiffness and mass matrices

respectively) are N x N real, symmetric and
sparse,

@ b is the excitation vector,
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Introduction (5) FEM

@ FEM matrix equation:

(K — k*M) - x(k) = b(k)

@ K and M (stiffness and mass matrices
respectively) are N x N real, symmetric and
sparse,

@ b is the excitation vector,

@ x is the vector of the unknown coefficients of the
finite element basis functions.
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Introduction (5) FEM

@ FEM matrix equation:

(K — k*M) - x(k) = b(k)

@ K and M (stiffness and mass matrices
respectively) are N x N real, symmetric and
sparse,

@ b is the excitation vector,

@ x is the vector of the unknown coefficients of the
finite element basis functions.

@ k =2m/\ is the wavenumber.
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Introduction (6) - Numerical Example

@ Number of variables: ca. 440.000
@ Number of freqgency points: 101

@ Solution time: ca. 2h
@ i7, 16GB RAM
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Goals (1)

@ The scheme of the FEM-MOR procedure.

FEM Discretization

FEM Matrix

Equation

Analized
Structure

Frequency
Response of the

HE D Structure

@ Y. Zhu and A. C. Cangellaris, " Macro-elements for efficient FEM simulation of small geometric features in waveguide
components,” |[EEE Trans. Microw. Theory Tech., vol. 48, no. 12, pp. 2254-2260, Dec. 2000.

@ V. de la Rubia and J. Zapata, " Microwave circuit design by means of direct decomposition in the finite-element
method,” |IEEE Trans. Microw. Theory Tech., vol. 55, no. 7, pp. 1520-1530, Jul. 2007.

@ Lee, Shih-hao, "Efficient Finite Element Electromagnetic Analysis for High-Frequency/High-Speed Circuits And
Multiconductor Transmission Lines”, PhD Thesis, Director of Research: Jin, Jianming
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Goals (2) - Features of the MOR

Features of the MOR:
e realiable
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Goals (2) - Features of the MOR

Features of the MOR:
e realiable
e automatic
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Goals (2) - Features of the MOR

Features of the MOR:
e realiable
e automatic
o frequency independent

e suitable to optimization schemes
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@ Dividing the computational domain

440.000
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MOR (1) - number of variables

@ Original FEM matrix

700
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MOR (1) - number of variables

@ Original FEM matrix
@ After 1st reduction

440.000 700
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MOR (1) - number of variables

@ Original FEM matrix
@ After 1st reduction

@ After 2nd reduction - matrix is 15.000 times smaller!

700
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MOR (2)

@ Amost the same S-characteristics obtained by means of original FEM and

FEM-MOR.
o gc
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MOR (3)

(K — kM) - x(k) = b(k)

V4

] Fotyga, G., K. Nyka, and M. Mrozowski, " Efficient model order reduction for FEM
analysis of waveguide structures and resonators,” Progress In Electromagnetics
Research, Vol. 127, 277-295, April 2012.
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MOR (3)

(K — kM) - x(k) = b(k)

@ Subregion €, is separated from the outer region Q,

V4

] Fotyga, G., K. Nyka, and M. Mrozowski, " Efficient model order reduction for FEM

analysis of waveguide structures and resonators,” Progress In Electromagnetics
Research, Vol. 127, 277-295, April 2012.
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MOR (3)

(K — kM) - x(k) = b(k)

@ Subregion €, is separated from the outer region Q,

@ Due to the separation of the subdomains the FEM
matrix equation splits into:

(s & ]-welss )l

Sy M2

] Fotyga, G., K. Nyka, and M. Mrozowski, " Efficient model order reduction for FEM
analysis of waveguide structures and resonators,” Progress In Electromagnetics
Research, Vol. 127, 277-295, April 2012.
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MOR (3)

(K — kM) - x(k) = b(k)

@ Subregion € is separated from the outer region Q5.

@ Due to the separation of the subdomains the FEM
matrix equation splits into:

(L& & ]-elsy W) [2]-[5]

@ The mesh edges that couple two separated subregions
form four coupling matrices: Sk, Sm, S) and S/,.

] Fotyga, G., K. Nyka, and M. Mrozowski, " Efficient model order reduction for FEM
analysis of waveguide structures and resonators,” Progress In Electromagnetics
Research, Vol. 127, 277-295, April 2012.
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MOR (4)

@ The number of variables in the separated region €2, is Nj
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MOR (4)

@ The number of variables in the separated region €2, is Nj

@ The number of variables in the outer region € is Ny
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MOR (4)

@ The number of variables in the separated region €2, is Nj
@ The number of variables in the outer region € is Ny

@ N can be reduced by means of the REDUCTION
algorithm
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MOR (4)

@ The number of variables in the separated region €2, is Nj
@ The number of variables in the outer region € is Ny

@ N can be reduced by means of the REDUCTION
algorithm

@ input:
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MOR (4)

@ The number of variables in the separated region €2, is Nj
@ The number of variables in the outer region € is Ny

@ N can be reduced by means of the REDUCTION
algorithm

@ input:
o Matrices: Ky, My, Sk and Sy

Grzegorz Fotyga Gdansk University of Technology

SAPOR-based MOR schemes with quadratic frequency dependence of excitation for FEM macromodels



MOR
0000®0000000

MOR (4)

@ The number of variables in the separated region €2, is Nj
@ The number of variables in the outer region € is Ny

@ N can be reduced by means of the REDUCTION
algorithm

@ input:
o Matrices: Ky, My, Sk and Sy
e g - the reduction order
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MOR (4)

@ The number of variables in the separated region €2, is Nj
@ The number of variables in the outer region € is Ny

@ N can be reduced by means of the REDUCTION
algorithm

@ input:
o Matrices: Ky, My, Sk and Sy
e g - the reduction order
e sp - arbitrarily selected frequency.
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MOR (4)

@ The number of variables in the separated region €2, is Nj
@ The number of variables in the outer region € is Ny

@ N can be reduced by means of the REDUCTION
algorithm

@ input:
o Matrices: Ky, My, Sk and Sy
e g - the reduction order
e sp - arbitrarily selected frequency.
@ output: frequency independent orthonormal basis V
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MOR (5)

@ Matrices K,, M5, Sk and Sy, from the FEM equation:

(l& &]-elo D 2]=15]

q = n ﬁ
Reduced

macro-element
matrix
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MOR (5)

@ Matrices K,, M5, Sk and Sy, from the FEM equation:

(l& &]-elo D 2]=15]

@ can be reduced using the orthogonal basis V:

K1 SE-V g2 M; Sl -V Ixe]_[b
VTS VT .Ky-V Vi.sy VI-Mp-V Xo 0|’

Oryginal matrix \

Grzegorz Fotyga Gdansk versity of Technology
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MOR (6)

@ System matrix after MOR:

Ql_'ﬁ_;‘ TTF

2000
3000
W
4000
5000
6000

7000

8000

000 2000 3000 4000 5000 6000 7000 000
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MOR (6)

@ System matrix after MOR:

Ql_'ﬁ_;fn

2000
3000
W
4000
5000
6000

7000

8000

000 2000 3000 4000 5000 6000 7000 000

@ The reduced region is called a macro-element.
@ The number of variables in macro-element is N,.

Grzegorz Fotyga Gdansk ersity of Technology

SAPOR-based MOR schemes wi frequency dependence of e on for FEM macromodels



MOR
000000800000

MOR (6)

@ System matrix after MOR:

Ql_'ﬁ_;fn

2000
3000
W
4000
5000
6000

7000

8000

000 2000 3000 4000 5000 6000 7000 000

@ The reduced region is called a macro-element.
@ The number of variables in macro-element is N,.

@ Ny << N,
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MOR (7)

@ The equation:

(l& &2l D 2]=15]
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MOR (7)

@ The equation:

Ki St ] _,2[M S\ [x]_[b
Sk K> Sy M x || 0|
@ can be represented as:

(K1 — k®My) - x; + (Sk — k°Sf;) ‘x2=b

(K2 — kzMz) s Xp = — (SK - k2SM) + X1.
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MOR (7)

@ The equation:

Ki St ] _,2[M S\ [x]_[b
Sk K> Sy M x || 0|
@ can be represented as:

(K1 — k®My) - x; + (Sk — k°Sf;) ‘x2=b

(K2 — kzMz) s Xp = — (SK - k2SM) + X1.
@ Transmittance: H(k)
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@ Reduction algorithms: ENOR, SAPOR = V
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MOR (8)

@ Reduction algorithms: ENOR, SAPOR =

@ Error is low only for the center frequency!

¥

S [dB]

12

Grzegorz Fotyga

SAPOR-based MOR schemes with quadratic frequency dependence of ex

SRy

\)

T e

— 821 Error
-==-S11 Error

ation for FEM macromodels



MOR
000000008000

MOR (8)

@ Reduction algorithms: ENOR, SAPOR = V

@ Error is low only for the center frequency!

S u i YN

N
5 PN
A
_-100 N
Q AN ! i — 821 Error
@ teol A ====S11 Error
200~
25 . , . \ , |
%o 12 14 16 18 20 2 24 26 28

o (K—Kk2M)-x = jkob
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MOR (8)

@ Reduction algorithms: ENOR, SAPOR = V

@ Error is low only for the center frequency!

) i —s21 Error
@ 150- MR -===$11 Error
200~
4 12 14 16 18 20 2 24 2% 2

o (K—kiM)-x = jkob
° (K2 — k2M2) cXp = — (SK — k2SM) - x1. = Nonlinear RHS!
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MOR (9)

@ Shifting the equation:

H(k) = (Ko — K°M,) " - (=Sk + k°Sp) .
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MOR (9)

@ Shifting the equation:
H(k) = (Ko — K°M,) " - (=Sk + k°Sp) .
@ with kK = kg + o, we obtain:

(6°C + oD + K) - H(0) = 0°B, + 0B + By,
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MOR (9)

@ Shifting the equation:
H(k) = (Ko — K°M,) " - (=Sk + k°Sp) .
@ with kK = kg + o, we obtain:
(6°C+ 0D + K) - H(c) = 0B, + 0B; + By,
@ where:

C=-My D= -2kxMy; K=K, kiMy;

B, = Su; By =2kSm; Bo = —Sk + kiSm;
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MOR (10)

@ Introducing a new matrix: Hz

ocCH-+H, =Byo+B;
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MOR (10)

@ Introducing a new matrix: Hz

ocCH-+H, =Byo+B;

(I—GA)[:Z]:{KEIBO}—FU[B(L],

@ we obtain:

Grzegorz Fotyga Gdansk University of Technolo
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MOR (10)

@ Introducing a new matrix: Hz

ocCH-+H, =Byo+B;

@ we obtain: H K-1B
_ | KBy 0
o= | = e el s ]
@ where:
KD K-!
a=[x® K]
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MOR (11)

@ By moving (I — 0A) to the RHS and performing a Maclaurin series
expansion, we obtain:

[ : ] _(I—|—0A+02A2+U3A3...)-<[ K;BO } +0[ |§2 ])
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MOR (11)

@ By moving (I — 0A) to the RHS and performing a Maclaurin series
expansion, we obtain:

[ : ] _(I—|—0A+02A2+U3A3...)-<[ K;BO } +0[ |§2 ])

Grzegorz Fotyga Gdansk University of Technology

SAPOR-based MOR schemes with quadratic frequency dependence of excitation for FEM macromodels



MOR
00000000000e

MOR (11)

@ By moving (I — 0A) to the RHS and performing a Maclaurin series
expansion, we obtain:

[ : ] _(I—|—0A+02A2+U3A3...)-<[ K;BO } +0[ |§2 ])

@ The block moments of H: Hyo,H{,H> . ..

- la] A
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MOR (11)

@ By moving (I — 0A) to the RHS and performing a Maclaurin series
expansion, we obtain:

[ : ] _(I—|—0A+02A2+U3A3...)-<[ K;BO } +0[ |§2 ])

@ The block moments of H: Hyo,H{,H> . ..

- [a] A ]

@ The orhogonal basis V of order q is spanned by Ho,Hq,H> ..., Hg.

V, = [Hy,Ha Hs, .. H.
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Numerical Experiment
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Numerical Experiment

e q — 10
o 20/log(Smor — Srem)

—S21 Error
--S11 Error
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Numerical Experiment

e q — 20
o 20/log(Smor — Srem)

—S21 Error
--S11 Error
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Error estimation (1)

@ The equation for the separated domain

(Kz - k2M2) cXp = — (SK - kst) - X1.
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Error estimation (1)

@ The equation for the separated domain
(Kz — k2M2) X = — (SK — kst) - X1.
@ Residuum

R(k) = — (K2 — K®M2) -V - %, — (Sk — k*Su) - x1.
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Error estimation (1)

@ The equation for the separated domain
(Ko — kM) - xo = — (Sk — k*S) - x1.
@ Residuum
R(k) = — (Ko — K’My) - V - X — (Sk — k°S) - x1.
@ Error estimation = Residuum * RHS

errE_gT(k) = || (SK - k2SM) . R(k)H = Hk4(SM7SM) - k2(SM,SK) -
—k?(Sp, Kz - V) + k*(Sp, My - V) - Xo — k*(Sp, Sk) +
(Sk,Sk) + (Sk, Kz - V) - X2 — k*(Sk, Mz - V) - X5,
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Error estimation (2)

@ frequency band: (10,28) GHz
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Error estimation (3)

@ q=5,79,12
@ Real error vs estimation
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Error estimation (4)

@ Integrated plots of real and estimated errors.

@ Real error vs estimation
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@ max(errEST(k)) = 10e-3
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Error estimation (5)

@ max(errEST(k)) = 10e-3
@ Automatic selection of g = {8; 5; 6; 6; 9 }
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@ max(errEST(k)) = 10e-3
@ Automatic selection of g = {8; 5; 6; 6; 9 }
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Error estimation (6)

@ max(errEST(k)) = 10e-6
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Error estimation (6)

@ max(errEST(k)) = 10e-6
@ Automatic selection of g = {12; 8; 9; 8; 12}
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Error estimation (6)

@ max(errEST(k)) = 10e-6
@ Automatic selection of g = {12; 8; 9; 8; 12}
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Conclusions

@ Numerical experiments prove that incorporating reduced - order models into
standard 3-D FEM algorithm results in significant reduction of number of
variables and time cost, without sacrificing computational accuracy.
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Conclusions

@ Numerical experiments prove that incorporating reduced - order models into
standard 3-D FEM algorithm results in significant reduction of number of
variables and time cost, without sacrificing computational accuracy.

@ These features make it a promising methodology for improving efficiency of

finite element analysis.
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Thank you for your attention
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